PROJECT THEMIS: INFORMATION PROCESSING
AUBURN UNIVERSITY PROJECT THEMIS
TECHNICAL REPORT NUMBER AU-T-6
POLYNOMIAL MANIPULATION SYSTEM -
FORTRAN IV PROGRAM
PREPARED BY
THE COMPUTER CENTER
LELAND H. WILLIAMS, DIRECTOR
AUBURN UNIVERSITY, AUBURN, ALABAMA
NOVEMBER, 1969

CONTRACT DAAHO01-68-C-0296
ARMY MISSILE COMMAND
HUNTSVILLE, ALABAMA

DISTRIBUTICON OF THIS DOCUMENT IS UNLIMITED.

APPROVED BY:

LLlad N Fitllr

L. H. Williams

Director, Computer Center

Associate Professor of
Mathematics

THEMIS Project Director

(ELLJJ_,
= N
Ben T. Lanham, Jr.
Vice President for Research

Auburn University

SUBMITTED BY:

Ll I T,

L. H. Williams

Director, Computer Center

Assoclate Professor of
Mathematics

AUBURN UNIVERSITY
AUBURN, ALABAMA 36830




FOREWORD

This report 1s a technical summary reporting the pro-

gress of a study conducted in the Mathematics Department

and the Computer Center of Auburn University. The study

|
g is focused toward fulfillment of Contract No. DAAHOl=-68-C-
‘ 0296 granted to Auburn University by the Army Missile Command,

Huntsville, Alabama.
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A FORTRAN IV program which implements the Polynomial
Manipulation System (PMS) is presented and described. PMS
uses the Euclidean Algorithm to reduce a system of poly-
nomials in several variables to a resultant system which
can be solved sequentially as polynomials 1in one variable
(Kronecker's method). PMS 1s described briefly and re-
ferences are given to more complete discussions and to

other pertinent literature.
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I. INTRODUCTION

The Polynomial Manipulation System (PMS) uses the
Euclidean Algorithm for finding the eliminant and the
greatest common divisor (g.c.d.) of two multi-variable
polynomials. All polynomials involved are represented
symbolically; PMS is a computer program whose input is
the symbolic representation of two polynomials and whose
output is (normally) the symbolic representation of
thelr g.c.d. and eliminant.

The underlying theory and the application of PMS to
the problem of solving systems of polynomial equations 1s
discussed in [%], [é], and[:ij. The present report de-
scribes a FORTRAN IV implementation of PMS develoned on
the IBM 360 Model 50 at Auburn University.

The program 1s described in Section II, the basic flow
charts are gilven in Section III, Input/Output is discussed
in Section IV, and efficiency of the method is discussed in
Section V along with possible future work. The FORTRAN
program 1s reproduced in Appendix A. Appendix B contains
a simple example of the use of PMS for reduction of three
polynomial equations in three variables to a resultant sys-
tem which can be solved in sequence as polyncmials in one

variable.
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II. PROGRAM DESCRIPTICN

The PMS program 1s basically a main program with four
subroutines, only one of which 1s significant. The other
three subroutines are used for output, format headings
on printed output and scaling of coefficients when they
become large enough to possibly cause an overflow. In its
present form the program is limited 1n that it 1s set up
to use only 175K of IBM 360 storage. This limitation
places constraints on the program which allows storage of
only 50,000 polynomial entries (each term has n + 1 entries
where n is the number of variables in the polynomial) which

are presently set up as follows:

1) The pair of polynomials has, at most, four variables.

2) Each polynomial has at most 316C terms.

3) The leading coefficient polynomials, to be defined
below, can have, at most, 400 terms.

Minor modificatlons could increase the number cf terms
or variables or size of leading coefficients at the cost
of decreasing the others or by use of a greater amount of
machine storage. Still larger polynomlals could be processed
by use of tape, disc or other storage, but this has not been
effected since such increases would only tend to accentuate
certain disadvantages of the method to be discussed in
Section V.

Consider the palr of polynomials U,T : EN»R. Let x
denote the variables. Each of these polynomial functions

can be considered as a pclynomial 1n x1 whose coefficients
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would then be polynomial functions from EN-1 $o R, ©Let U0
and T® denote the polynomlals in xz,...,xn which are the
leading coefficients of U and T respectively considered as
polynomials 1in xl, and let u and t denote the degrees of U
and T in xl. We may assume t>u. Consider the polynomial
. R defined by
R = UOT - TOUx’;"‘

R 13 a polynomial in xl,...,xn. Considering R as a poly-
nomial in x1 with polynomial coefficients, it 1s seen that
Degree(R)<t. Let Degree(R) = r. If ra>u,let T = R and re-
peat above procedure. If r<u, let T = U and U = R and
repeat the above procedure. After a finite number of ap-
plications of this algorithm a polynomial R will be found

whose degree in x1 is zero., Thus R will be a polynomial in

X 3X 40+.3X . It 1s easlly seen that at each stage R has
2 27 3 n

¢ any zeros that are common to U and T. The R which 1is free
of xl is called the eliminant of U and T.

III. BASIC FLOW CHARTS

The flowcharts for output and scaling will be omitted
as their detall is not significant to the main purpose

of the program. Thée main program flow chart is given on

et e e,

page 4,
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MAIN PROGRAM

Read U,T

N

Compute U", T

Determine which of U and
T has greatest degree 1in
X1, If it is T continue,
1f ngt integchange U and
T, U° and T".

l

Call RESIDUE
and Form R

l

Scale if necessary

t

|

If R is free of X,, print

R and return to beginning

to read two new polynomials.
If not, let T = R.
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RESIDUE SUBROUTINE
Form UOT
Form -T°Ux*i"u
R = U°T-T°Ux2‘u
T =R
Calculate new T?
Is t = 07
s
no - yes
74 ‘
Return to Return,
Continue We Have
Processing Eliminant
5
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IV, INPUT/OUTPUT

The polynomials U and T are read 1n separately. The
first card for each polynomial contains the number of vari-
ables in the polynomial in columns 31-34 in integer format
right justified. The number of terms in the polynomial
appear in columns 35-38 in integer format, right justified.
Following this card the terms of the polynomial appear, one
term per card. The coefficient appears in columns 1-16 in
E format; following this are the exponents of the variables
right justified in integer format in columns 17-21, 22-26,
27-31, ete.

The output of this program is available in‘any medium,
alitnough the program 1s currently set up for printed output

only.
V. EFFICIENCY AND FUTURE WORK

The PMS program has not proved useful as a method of
reducing polynomial systems of equations to a resultant
system for the following reasons:

1) Storage efficiency is low. An inordinate amount
of core 1is needed to process many simple appearing systems
of equations.

2) Time efficie..cy is low. Extreme amounts of time
are needed to sclve all but the most simple problems. As
few ar four equations 1In four varilables with small exponents
(on the order of ten or less) take many hours of machine

time to reach a solution. Simpler problems are solvable in
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small amounts of time, but other methods without these dis-
advantages can be used to solve these systems.

3) Certain types of systems give solutions which have
a low order of accuracy. Several articles, (4], (5], [6],
have been published discussing this problem as well as the
two above.

The basic PMS program will be examined and modified to
determine if it is of value 1in algebralcally solving simple

systems of differential equations.
VI. REFERENCES
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of Technology, 1966.
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THINVARL sor s “VARY L0 T 106
MAY. = VALY
NMVAR) - NUAL) .
IR A B VAR A S
Al RO AL IR I LA
IRAR N I I A
MV e ] =AY
Toe MAX = HVARD
JPRG = N
DO S0 =10 T ML
TR0 = TR{) e d)) 620,500,500
"o JORTHE = 12 (1,40)
ey If AR I KNI
o=
NN A8 = 1, mTERMNY
TELIr i = 1], 0)) R5,54,55
“a AU = g0+ 1
tHA Oty = 2y
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53 [UMAX(K=14JU) = IRIKed)
- 8- <= CONTINUE S
DO 10 J = 1,NTERML
pom e BN ER(S) et
NO10I=1,MAX

10— WLy db=IR{Tgd) = = -

DO 9 J = 1.NTERM2.
CRESISTHIY

. . DO9i=1yNVAR?

T IRET =TT ) -
CALL PRINT(2/NTERMZ,0,0,NVAR2)
“-- IFtNVAR2 LGE. NVARL) GO TN 1075
MAX = NVAR]
- NVAR2 = NVAR2 + 1
DO 104 J = NVAR2 ,MAX
DO 104 K = 1,NTERM2
104 IR(J,4K) = 0O
NVAR? = MAX
1075  MAX = NVAR?
© JPWRT = 0
DO 60 J =1,NTEKM?2
TFLJPWRT — IR(1,J1) 51460440
51 JPWRT = IR(14J)
60 CONT INUE
JT = 0
D0 56 J = 1, NTERM2
IF(JPHRT = TR(1,d)) 56,57,56
57 47 = JT + 1
THAX(JT) = R(J)
IF(ABS(TMAXIIT)) .GEL1.E6) LM=]
i . NN 58 K = 2,MAX
- 58 - ITMAX(K=1,4T) = IR(K,J)
56 COMT INUE
~ DB R/ J = 1,NTERMZ-
T4 =R{J)
- DNBI=1,MAX -

] ITUTI,I)=1IR{T,4) |
107 -~ IFCJIPWRT—JPWRU) 70,7171
10 NN = JPWRT

- - JPHRT = JPWRU
JPWRL) = NN
MAXT=NTEPM]

TFINTERMZAGT.NTERM1) MAXT= VTFRH?

D080 =1, MAX"

TEMP=UL(T])

U(T1r=T(1)

T(l)=TEMP

DOBOJ=1,y MAXT

TEMP=TU{J, 1)

TS 1)=1TUJ, 1)
80 IT(J.L)=TEMP

NN JUu

Ju JT

47 NN

NN NTEFM]

NTERM]1 = MTERM2

NTERM? = NN

MN = NVAR1

e T e R oy T o 8 = 2
= TETERN I Pt

AT T
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73
71

101

innl

320
3c1

10000

1

NVAR ]
"NVARZ2
JJd=Ju
TR (IT 6T IS JI=dT
MA = MAX-1]

NVARZ2
NN

D0 T3 9 = 1y JY

TWw=UMAX(J)
CAUMAX(J) = TMAX(Y)
TMAX(J)=TW
DOT3K=1,MA
ITT=TUMAX(K,.))
TTUMAXIK,J) = TTMAX(K,yJ)
TTMAX{K,J)=1ITT

- CONTINUE

IF(LMEQLL) CALL SCALEZ2(NTERM]I,NTERQM2,MAYX)
L"=0

CALL PESTOU (NTERM] 4JNTERM2 ,MAX ) JUWRUy JPWRT, JU,y JT}
IF{LM oFoe 1) CALL SCALE2(NTERM]1 4NTESM2, MAX)
ITILM,59.1) 577N 3001
IF{LS24E0.1) CALL SCALE2(NTERM] NTREKM?2, " AX)
Ls2=n

LM=0

IF(LSILE. Q)Y GOT9 107
LS1=0

L M=

CALL PRINT { 34JUyNTERM] yNTFR 42, ~AX)
WPITELO,10000) [TIMES
FORMAT(LIH , SHSCALE, 12)

G0 10 109

FROMAT(33X,214)
TORMAT(EL5.7,1015)

FND
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c SUBRCHITINE FOR PRINMTING THE TwWO PAHLYNOMIALS AND THE RESIDUE
C - B
¢
SUBRNUTINE PRINT {LysJUyNTFRM]L4NTERM? 4 N)
CRRARdE G F & FHR S LA AR RS SRR RDRE DN AR LAY R ARG R AR R ER R R R 2h Rk RS E O &
C e dogeote e oo otk e ot ook el € b Rl Rt ook ek ol etk ke ek Rk
c .
TMPLICIY INTEGERR2(1=N)
COMMN H‘Ax(400).lUMAX(Bgﬁﬁﬂ).ITMAK(%.4u0),TMA!(«OO).R(*IéO).
NIR(Gy 3167 )y TTRATE (ITEMES,U(3160),TU(4,43160),T(3160)-1T(4,3160),
NLS2,LS1,0L .

C
CaRumeh et o dgmfetry desdoded oo oo el e e ofe e ek ok ol stok e ¥ o ok e ik ok ook el wak ke ko

ootk oot ool ok v de ez o e e e Rt e o ofe ool e e e ook e o e e dejeo & el & el e el bk o o o ok e ek 2 g
TF{L.£0.4) #2ITF(6,310)
TE(L oTCe2) o ITE(Ry3]1))
IT(L FO, 1) wRRITH{A,4)2)
SO CAIL DkIxTHEN)
N2y am =], Jut
VLT -{nh,e2 ) 4("4)"!“([,‘()'121’\1)

315 CONTINH-

kK = =
503 CORY TR

RETH M
63 FOAPMATILX,F1F o T432X,10015,5X%))

311 FAPRAT( )il ' THE OCOLYNTMT AL iy IsY)
312 FARMAT( {-i—-, ¢ THF ONL YN[ AL T [S)
310 EARMAT() =y *THF ELIMIMNANT TSY)

540 FARMAT { - 31X,214)
541 T 12%AT (14, 7,1015)
FNR
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-~ GSJUBROYTINE FOR PRINTING HEADINGS
SUBRUUTINE PRII.TH(K)

/

THIS SUBROUTINE MERELY PRINTS COLUMN HEADINGS FOR THE
V/IRIACGLES DEPENDING ON THE NUMBER OF VARIABLES.

THAT IS ITS DNLY PURPOSE. IT WILL HANDLE UP TO 10
VARTAHLES,

G0 TO (21'22123'2"’25’26'27128‘29,3‘)) X

WRITE(6,31)

RETURN

WK1 TE(b432)

RE TLIRN -

WRATF16,33])
RETURN

WRITE(6y3) !
RFTURN o
WRITE(64e25)
RETURN:

AR ITEL &y 30)
RETURN . °
WRITEc(G6,37)
RETURN o '
wRYTECE, -])
RETIRN

WRITE(6,39)
RETURN

WRIT(16,y40)
RET' M

31 FORAAYOIHO, VIHCOEFFICITINT 410X saHX (1))

32 FORMAT{IHO W L IHCOEFFICTENT g LOX 9 4HX (L) 45X 4HX(2))

33 FORMAT({ IHO» LEHCOEFFICTENT 410X 94HX{1) 35X 4HX{2) 45Xy4HX(3))

34 FORMAT(1HOy L IHCOEFFICIENT 310X g4HX (1) 95X 9aHX(2) +5X94HX{3) 45X 44HX( &)
1)

35 FORMATOLIHO, LIHCOEFFICIFNT g 10X y4HX{1) 4 S Xe4HX(2) ySXs4HX(3)5X9aHX( &)
Ly 5X,4HX(5))

36 FORAAT(LIHO, 1 IHCOFFFICIENT 3 10X 9 4HXT11 s SX94RX(2) 45X 34HX(3) 45X 44HX(4)
Ly SX s 4HX(5) 4 5X94HX(6))

37 FORMAT(LHO L1HCOEFFICIENT g 10X p4HX (1) 3 SXe4HX(2) $SX s 4HX(3) 45X g 4HX{ &)
115X 94HX(5) 95X 94HX{E) 45Xy aHX(T))

38 FORMAT(IHO 4 L1 HCOEFFICTENT 410X 9 4HXIL) y5X9aHX(2) 45X 4HX(3) 45X 9 4HX( 4)
1y SXe4HXI5) 45X 44HX(6) 95Xy 4HXIT)y 5X4HX(3)Y)

39 FORMAT(LIHO G L1HCOEFFICIENT s 10X o 4HX{1) ¢ SXy4HX{2) 95Xy 4HX(3) 45X s4HX{ &)
1y SX 9 4HX(5) s 5Xc4HX{6) ¢ DX s 4HX(T) 45X 94HX(B) 9 5X94HX(9))

40 FORMAT{ 1HOy 1THCOEFFICIENT 310X s4HX1) g 5X94HN(2) ¢5X94HX(3) 45X e4HX{ %)
Lo SXe4HX(S) 15X 4 4HXIE) o 5Xs GHX(T) 9SX 94HX{D) 35X 94HX(9) 35X S5HX(10))
END
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C RESTINT SU3IROCUTINFE ES0MG 0 S U AND SRETS TERMS
C .

SURROUTINT RESTLDUINTUGNTT ¢NV o JPU G JPT,, JU, UT)
C o ok o e sk v e ok g o o Stoke v sl ok Rk i ¥ @0 S g e R e e ookt e ook ok sk ook o el ok K kR ok
o e o o e ook e e oo e R BOR e B R A e e e e e o o R kb KRR R R K K
c .

IMPLICIT INTIGER®2(TI-N}

COMAMN B AY( 400 ) TUMAXE 2,600 ), T TMAY(3,400) s TMAX(400)RI3160),
NIR(4.1160),IT(ATF.I1IMES.U(3160)glU(4v3]60)oT(3160,pIT(493160'v
NLSZ2,1.S1,L"™ ) :

NIMENST M 13(5)

MAXR =] AN

UAXD = 40D

TNTEAER ShITCH

A
€ A s e b e et ok e gk e o e ek e Ao ke Ak e A e o ok A 8 R R R ok
C oo Bo Aotk ook e ss sedk e g oo b v oot ke e oot Ao e A Bl o Aol ko ARk ok ek e ok e ok e ok QO R ok e ek

C
[ =1
N 29 ) o= 1,870
A=T L))

NDOR2LNY K] g MY
521" IR(KI=1T({Kyd)
ITF{Te(1).OF . IRPT)CDTNYH

IF(AGIA = 1T %) 48,464406
46 LS?2=1

RETURN
45 AL RERE SR RN 1Y

REL) = "IMAX{L)Y=A
TRe1,0) = §5d1)
N 1Y) KX = Q,MV
t0 12({KY, 1) = TUMAX(VMK=1,1) 4 [2(KK)
AM=T-1 ’
IF{MM . EY.N)IGuTRIN
NNRIKK=]1 MM
IFLIR{LyrK)JNELIR{L+1))BNTIAD
DOTONKKK=2 4NV
JFOIR(IKKK g KK} o NE S JRUKKK L, 1) )3:3TO0D
709 CONT INUE
Rku)=Q{+K})+R(1)
[FIABS{UKK)YaGTe1.E=-9)1607T702
MNM=MM- 1
NAODNTLK=KK ¢ NNM
RETLKI=R(TLK+])
ONBNUNPLG =T ,NY

800 IRIMOQ, [I K )=TR(NPC,ILK+Y)
I=1-1

702 I=71-1
GIT:°79)

0 CONT PMyr

791 _[F(I.LT.WAX?)?OTﬂlq

11 WRIT-{A,12)

1?2 FOOMATLLHLEy23HTY MANY TERMS TN RESTOHUD)
TynNp

19 1 =1 + )

20 CONT [NOE
IN 40 4 = 10T
A= )
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4%

47

30

A7)

3400

100

100
115

pe

N~
N

NN&E21Y1 K=1,4MV

IR{x }=D['1{K,y )
TE{I401).5358.JPUIGOTOLD
1F(A4S{A) = L Fa) 4T7,4B8,48
Ls52=1

RFTH2N

nMn 41 L= 1y JT

ogr) = —TAax(L)*A

1P, 1) = IH(L) + JPT —JPU
N30 K = 2HNY

IRIK,T) = TTAAX(K=14L) + I18(K}
M= -1

N)ABNUK =L, MR
IF(IQ(I,KK).Mk.IR(l,!))GﬂTUBQﬂ
NRATIOKKY =224 NV
IF(]R(KV*,VW).NF.IH(KKK,l))Gﬂlﬁ%ﬂQ

CAONT ENMUE

plEK )= (e )+AUT)

T‘(ﬂﬁS(ﬁ(VK)).GT.I.F—?)GUTH%YCZ

MapE M-

NN M KK g MM

Ity TLK+])

DI AUS DINRIPED IRY ?}
({20, TLK)=TRENPD, L+ 1)

r=1-1 QQ\?’X)
t=1-1 S
N1 3701
TR G0 b

1oL T o dAXE )31TN4] ‘5-0"'

A Y|
ARSI S S
S T IMOE

T -~ 1T -1
Joe T=n
Irn=)

DI IS L T B T

1F(12¢1,%) = JPWRT) 10S9105,102
ARpe T = [2 (1)

LN T INUE

0T = JoweT

[F e aPYT)L37,142,170

W =

- 3

1

[

JT
NOT T =] 4400

TEAX{11)=0D.

SEFRBEI R

1ToAX{J i, 11020

LN ONES PR |

17 (JPWRT = 12(1sJd)) 2£,57455
JU o= 97 + 1

TAA{JT)Y = ()
1E(THAXCITY GE 1 6) LY=]
VE ) K= g NV

TTHAXIK=1,J0T) = 1tlr,d)

Coe PINL)-

CONT N

I i

1k




BN STy

i T

NN1d=l,1
Ttd)I=R{J)
MN1L=14NV
1 ITELJI=1R(L 4 J)
376 NTT=1
RFTURM
£ND

SURRTUTINE  SCALF2(NTFRML+iNTERM2,NV)

IMPLICITY "NYEGER®2(I-~N) SR

COMMON UMAXL400) 3 TUMAX(3,400) s ITMAXL3,400) 4 TMAX(400),R(3160),
NIR(«,1]60),[TRATF'lTlHES,U(?léO)'IU(4,3160)oT(3lbO)'IT14'3160).
NLSZ2,LS1,0 1

EQUIVALEMCE (MVART,MAX)

MAX = NV

NVAR2=NV AR )

M LI = 1,490

UMAX{L) = Umaxt(l}/1000,
1 TMAX(T) = TMAX(I) /1000,

N TJ = 1,NTERM]
7 Jd) = UJdizio00,.

oM 9 9 = 1,NTERM? T e
9 TtJ4) = T(J)/1000,

ITIMFS = ITIMFS + ]

“ETURN

END
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APPENDIX B

This appendix presents an example problem, The fol-
lowing system of three polynomials in three variables is
reduced toc & single polynomial in one variable:

(1) x -+ x +x =20
1 2 3

(2) x_+ x? = 0
1 2
(3) «x + x2 =0
1 3
First, X is eliminated between (1) and (2) producing
the following printout which has been labeled for expository

convenience:

COEFFICIENT x(1) x(2) x(3)
0.1000000E 01 1 0 0 N
0.1000000E 01 o 1 0 ()
0.1000000E 01 0 o 1

COEFFICIENT x(1) x(2) x(3)
0.1000000E 01 1 o 0 2)
0.1000000E 01 0 2 0

COEFFICIENT x(1) x(2) x(3)
0.1000000E 01 0 2 o .

~0.1000000E 01 0 1 0 (E)
-0.1000000E 01 0 o 1

Second, x, is eliminated between (3) and (2) producing
the following printout:

COEFFICIENT x(1) x(2) x(3)
0.1000000E 01 1 0 0
0.1000000E 01 0 0 2 (3)

COEFFICIENT x(1) x(2) x(3)
0.1000000E 01 1 0 0 (2)
0.1000000E 01 0 2 0

COEFFICIENT x(1) x(2) x(3)
0.1000000E 01 0 2 0 (E)

-0.1000000E 01 0 0 2 2
15
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Finally (E ) and (Ez) are treated as a pair of poly-
1
nomisls in two variables x and xz.Thnmxl (x2 in our first

system) is eliminated, producing the following printout:

COEFFICIENT x(1) x(2)
0.1000000E 01 2 0 (
-0.1000000E 01 1 0 )
-0.1000000E 01 0 1
COEFFICIENT x(1) x(2)
-0.1000000E 01 2 0 (E )
0.1000000E Q1 0 2 2
COEFFICIENT x(1) x(2)
0.1000000E 01 0 4 5
-0.2000000E 01 0 3 (Es3)

(Ea) is our eliminant free of x1 and xz, 8o it can I
3

be solved. Using its solution (E ) can then be solved,
2

Using this (2) can be solved and the solutions to the
resultant system (2), (E ), (E3) are the solutions to

2
the system (1), (2), (3). Three other equations from these

six could have been taken to form the resultant system,

17
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